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Abstract 

This paper studies nonlinear deformations of the Unear gauge theory of any number of spin-2 and 
spin-3/2 fields with general formal multiplication rules in place of standard Grassmann rules for 
^ . manipulating the fields, in four spacetime dimensions. General possibilities for multiplication rules 

and coupling constants are simultaneously accommodated by regarding the set of fields equivalently 
as a single algebra- valued spin-2 field and single algebra- valued spin-3/2 field, where the underlying 
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^ ■ algebra is factorized into a field-coupling part and an internal multiplication part. The condition 

. that there exist a gauge invariant Lagrangian (to within a divergence) for these algebra-valued 

O 

I fields is used to derive determining equations whose solutions give all allowed deformation terms, 

■ yielding nonlinear field equations and nonabelian gauge symmetries, together with all allowed 

O . formal multiplication rules as needed in the Lagrangian for demonstration of invariance under the 

}L{ '. gauge symmetries and for derivation of the field equations. In the case of spin-2 fields alone, the 

bJO. 

main result of this analysis is that all deformations (without any higher derivatives than appear 



^ ■ in the linear theory) are equivalent to an algebra-valued Einstein gravity theory. By a systematic 

examination of factorizations of the algebra, a novel type of nonlinear gauge theory of two or 
more spin-2 fields is found, where the coupling for the fields is based on structure constants of 
an anticommutative, anti-associative algebra, and with formal multiplication rules that make the 
fields anticommuting (while products obey anti-associativity). Supersymmetric extensions of these 
results are obtained in the more general case when spin-3/2 fields are included. 
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I. INTRODUCTION AND SUMMARY 

It has lone; been known 

mm 

that the Einstein gravitational field equations describe 
a nonlinear gauge theory of a massless spin-2 field (i.e. graviton) as defined by the difference 
of the gravitational metric tensor and any fixed background fiat metric, where the gauge 
symmetry arises from diffeomorphisms on the metric field tensor. Moreover, the uniqueness 
of this theory in providing a consistent nonlinear self-coupling for a spin-2 field is by now 
well established from many points of view 0,0,0,0,0, 10, "l^. Nevertheless, there has been 



some interest in recent years in the possibility of consistent novel nonlinear gauge theories 
of spin-2 fields. This paper significantly elaborates one avenue of work on such possibilities. 
The motivation is explained by certain features of classical supergravity theories 
13, viewed as a supersymmetric extension of the Einstein gravity theory involving. 



as a matter source, a massless spin-3/2 field (i.e. gravitino) that is required to be formally 
anticommuting. In this extension, the massless spin-2 field remains formally commuting, 
while products of the spin-2 and spin-3/2 fields are manipulated by formal rules of Grass- 
mann multiplication. These rules, which serve as classical counterparts of graviton-gravitino 
quantum field commutation relations, are used for manipulations in the Lagrangian to es- 
tablish supersymmetry invariance and to derive the field equations. N= 1 supersymmetry 
involves a single pair of spin-2 and spin-3/2 fields, but for N> 1 a complete supersymmetry 
multiplet Ql requires more fields, and notably, additional spin-2 fields are needed if N> 8. 

These features naturally suggest exploring the possibilities for nonlinear gauge theories of, 
firstly, a set of at least two ordinary (commuting) spin-2 fields, and secondly, a single spin-2 
field with formal multiplication rules that make it noncommuting. Mathematically, note 
that a set of > 1 ordinary spin-2 fields is equivalent to a single spin-2 field possessing an 
internal structure of a real n-dimensional vector space. Consequently, in a nonlinear theory 
the coupling constants that appear in the Lagrangian for a set of ordinary spin-2 fields 
thereby correspond to an algebraic structure on the internal vector space possessed by an 
equivalent single algebra-valued spin-2 field. The resulting algebraic structure, furthermore, 
serves to provide multiplication rules for manipulating products of the algebra- valued spin-2 
field in the Lagrangian. This discussion shows that there is a well-defined mathematical 
equivalence between nonlinear theories of a set of ordinary (i.e. real-valued) spin-2 fields 
and nonlinear theories of a single spin-2 field with formal multiplication rules represented 
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by an internal algebra in which the spin-2 field takes values. In particular, under this point 
of view, Einstein gravity theory for a single commuting spin-2 field formulated using even- 
Grassmann multiplication rules is the same as a nonlinear theory found by Cutler and Wald 
[l^si flG^ for a set of real- valued spin-2 fields with coupling constants corresponding to any 
even-Grassmann algebra. More precisely, the equivalence here is such that each spin-2 field 
is associated with a basis element in this algebra jl6| . 

These considerations carry over in an obvious way to spin-3/2 (and other) fields. As a 
result, N= 1 supergravity theory for a single commuting spin-2 field and a single anticommut- 
ing spin-3/2 field based on Grassmann multiplication rules has an equivalent formulation 
as a nonlinear theory of a set of ordinary (real- valued) spin-2 and spin-3/2 fields whose 



171 . |l8| . This motivates a 



coupling constants are associated with any Grassmann algebra 
fundamental question of whether classical N= 1 supergravity theory formulated in terms 
of a Grassmann algebra is the unique possibility for a nonlinear gauge theory of a set of 
ordinary spin-2 and spin-3/2 fields; and likewise, whether its graviton sector given by the 
formulation of Einstein gravity theory involving an even-Grassmann algebra is the unique 
possibility for a nonlinear gauge theory of a set of ordinary spin-2 fields alone. 

The most systematic approach for determining all possibilities for nonlinear spin-2 / spin- 
3/2 gauge theories is by a deformation analysis of linear abelian gauge theory of a set of 
ordinary spin-2 and spin-3/2 fields. Here, deformations refer to adding quadratic and higher 
power terms in the linear field equations while adding linear and higher power terms in the 
abelian gauge symmetries, such that there exists a gauge invariant Lagrangian (to within 
a total divergence), with the undeformed Lagrangian of the linear abelian theory not being 
equivalent to the deformed Lagrangian under field redefinitions. The condition of gauge 
invariance can be used to obtain determining equations to solve for the allowed form of 
the deformation terms order by order in powers of the fields (see Refs. jiol 20 1). Two 
natural restrictions on the general form considered for these terms come from requiring that 
the deformations preserve the number of gauge degrees of freedom and initial-data degrees 
of freedom for the fields. This leads to restricting any derivatives in the deformed gauge 
symmetries and field equations to be of no higher order than those in the linear theory [l8| , 
which will then be referred to as a non-higher-derivative deformation. 

A complete analysis of non-higher-derivative deformations for a set of arbitrarily many 
spin-2 and spin-3/2 fields in four spacetime dimensions, without further restrictions or special 
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assumptions on possible forms for gauge symmetries and field equations, was first carried 
out in Ref. using a field theoretic formulation of the deformation determining equations. 
This analysis obtained two strong uniqueness results: First, for a set of spin-2 fields alone, 
the only non-higher-derivative deformations are equivalent to Einstein gravity theory for 
an even-Grassmann algebra- valued spin-2 field. However, for a set of spin-2 and spin-3/2 
fields, the allowed non-higher-derivative deformations correspond to a chiral generalization 
of classical N= 1 supergravity theory for an algebra- valued pair of spin-2 and spin-3/2 fields 
involving a novel modification of a Grassmann algebra such that the spin-3/2 field is only 
anticommutative in combination with charge conjugation, while the spin-2 field remains 
commutative, but commutativity (and associativity) of the spin-2 field in products with 
the spin-3/2 field holds only in combination with charge conjugation. The origin of this 
generalization stems from the Weyl-spinor formulation of supergravity theory, in which the 
anticommuting nature of the spin-3/2 field is found to be never needed separately from charge 
conjugation (2l|. This allows dispensing with certain Grassmann multiplication rules, and 
thereby defines a non-Grassmann multiplication intertwined with charge conjugation. As a 
consequence, the supergravity field equations and supersymmetry become deformed by some 
chiral terms that otherwise would vanish if the spin-3/2 field were strictly anticommuting. 
These terms essentially maintain the gauge invariance for the deformation. The formulation 
of the resulting chiral generalized N= 1 supergravity Lagrangian [2^ in terms of a pair of 
non-Grassmann algebra- valued spin-2 and spin-3/2 fields is explained in Ref. [iS^ . 

It is worth emphasizing that, due to gauge invariance, the coupling of the spin-3/2 field 
to the spin-2 field in this generalized N= 1 supergravity theory is completely consistent. 
Moreover, when viewed as a nonlinear gauge theory of a pair of spin-2 and spin-3/2 fields 
with formal internal multiplication rules, it shares the same key features as standard classical 
N= 1 supergravity theory — well-posedness of the initial value problem 2^, formal positive 
energy properties [2^ , and a geometrical description 2^ in terms of curvature of the metric 
tensor associated to the spin-2 field, with a matter source and torsion determined by the 
spin-3/2 field. In the corresponding formulation for a set of ordinary spin-2 and spin-3/2 
fields, the field equations continue to be well-posed and retain a geometrical meaning in 
terms of an algebra-valued metric and curvature given by the spin-2 fields, as discussed 
in detail in Ref. and an algebra- valued torsion and matter source determined by the 
spin-3/2 fields, outlined in Ref. However, the field equations viewed in this manner 
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have a partially decoupled nonlinear structure, where the coupling terms reflect the algebra 



multiplication relations among the basis elements of the internal algebra [17[. As a result 
of this structure, the canonical stress-energy tensor obtained from the Lagrangian for the 
set of field equations is found to yield a total energy that, in general, is of indefinite sign. 
(This feature has been studied in Ref. for an analogous nonlinear theory of a set of 
scalar fields, describing a standard quartic self-coupling for an equivalent algebra-valued 
single scalar field, with a simple choice of internal algebra.) 

The non-positivity of energy for these coupled ordinary spin-2 and spin-3/2 fields is 
directly related to the multiplication being nontrivial in the internal algebra on which the 
nonlinear gauge theory is based. Indeed, in Ref. 26| it was subsequently shown that in the 
case of a set of spin-2 fields the only internal algebra yielding a nonlinear gauge theory whose 
canonical energy is positive is given by a direct sum of one-dimensional unit algebras. (This 
feature extends to the more general case of a set of spin-2 and spin- 3/2 fields 0-) Ref. Q 
also gave a deformation analysis that generalized the uniqueness result for even-Grassmann 
valued Einstein gravity theory as a nonlinear gauge theory for a set of ordinary spin-2 
fields, by relaxing the natural restriction on highest order derivatives in deformations of the 
spin-2 gauge symmetries (and allowing other than four spacetime dimensions) through the 



28| to formulate and solve the deformation 



use of powerful BRST cohomology techniques 
determining equations. 

To-date, all previous investigations of nonlinear gauge theories for a set of spin-2 fields, 
and more generally, a set of spin-2 and spin-3/2 fields, have considered only ordinary (i.e. 
real-valued) fields. This excludes, consequently, the possibility of more than one anticom- 
muting spin-3/2 field with formal odd-Grassmann multiplication rules, as would arise in 
N> 1 supersymmetry multiplets. It also excludes the more exotic possibility of a noncom- 
muting spin-2 field. The main purpose of the present paper is to fill the previous gaps by 
giving a systematic determination of all possible nonlinear gauge theories of an arbitrary 
number of spin-2 and spin-3/2 fields each with its own internal formal multiplication rules, 
and as a special case, spin-2 fields with other than even-Grassmann multiplication rules, 
in four spacetime dimensions. The results yield an exotic classical nonlinear gauge theory 
of anticommuting spin-2 fields, and a supersymmetric extension with commuting spin-3/2 
fields, employing formal multiplication rules in which the usual spin-statistics relation for 
the spin-2/spin-3/2 fields is reversed at the classical level. (These nonlinear theories turn 
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out to involve only products of distinct fields, but never a product of any field with itself, 
so anticommutativity is not needed to hold for each individual spin-2 field and likewise for 
commutativity of each individual spin-3/2 field, in remarkable accordance with the general 
spin-statistics relations [29] allowed by quantum field theory.) In Sec. O the deformation 
analysis used to find these theories is summarized, and uniqueness results from this analysis 
are stated. The theories are presented in detail in Sec. IIIIl Some features of the theories are 
discussed along with a few concluding remarks in Sec. IIVI An appendix summarizes some 
material on relevant algebras. 



II. DEFORMATION ANALYSIS 



We begin by setting up the framework for deformations, using a generalization of the 
formalism (and notation) of Ref. to accommodate any number of spin-2 and spin-3/2 
fields with an internal vector space structure for any formal multiplication rules. 



A. Preliminaries 



The spin-2 fields are taken to be real spinorial tensors h^^^,'^, n = l,...,n, and the 



spin-3/2 fields are taken to be complex vector-spinors ^^g^, A = l,...,n'. This choice 
of variables is motivated by the chiral spinorial formulation of classical N= 1 supergravity 



theory [30| that uses a null spinorial tetrad e^^ ^ and a Weyl vector-spinor ipf which are, 
respectively, even and odd Grassmann-valued. Linearization about a fiat tetrad cr^^^, and a 
zero vector-spinor in that theory yields a spin-2 field h^^^, = e^^^, — cr^^^, and a spin-3/2 
field ip^Q = ^p^Q, where n = n' = 1. 

Each field h^^^,^, here is regarded as taking values in an internal vector space X, Y, 
where we fix X to be a real vector space of some arbitrary dimension with a basis x-,^, . . ., 
and Y to be a complexified vector space of some arbitrary dimension with a basis y^, . . ., 
respectively. The structure necessary to formulate internal multiplication rules for h^^^,^ 
and ipaB^ will be given by multilinear maps from products of X, Y, into X and Y. Note 
that the coefficients in a basis expansion of such products define multiplication structure 
constants, which represent the multiplication rules. With respect to these bases, we expand 
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the fields 

where h^^^,^'^, h^^^,'^''^, . . ., tp^B^'^^ "^aB^'^^ ■ ■ ■ ordinary real- valued spinorial tensor fields 
and complex- valued vector-spinor fields. Products of h^^^,^ and 'ipaB^ involving inter- 
nal multiplication rules then reduce to ordinary products of ^ass'^ '^ ^oBB''^'^' • • • 
^aB^'^' V'as^'^' ■ ■ • specified by the multiplication structure constants. This allows the 
set of ordinary spin-2 and and spin-3/2 fields h^^^,^"^, ipaB^"^ (-^ = 1,2, . . . , A' = 1,2,...) 
to be used as the field variables for the subsequent framework here. For this purpose it is 
convenient hereafter to employ the multi-index notation = {fi,A), A'/^ = (A,^'). The 
summation convention with respect to a repeated index A^ will mean a sum over both fj, 
and A, and similarly, a sum over both A and A' for a repeated index A'j^. 

To proceed, we start from the linear abelian gauge theory for the set of n > 1 spin-2 
fields and n' > 1 spin-3/2 fields each with an internal vector space structure (12.11) . on a flat 

A -A! 

4-dimensional spacetime manifold. In terms of the ordinary field variables h^^^, '','ipaB 



A 



the linear spin-2 field equations are given by the Fierz-Pauli equation 

= 5^5.7./'^ - 29^9(,7,)e-^'' + Vatd'd^/^ = 4^1'^ (2.2) 



with 7^/" = - ^VabK^'^'^ where = and the linear spin-3/2 field 

equations are given by the Rarita-Schwinger equation 

= e J"'\/'d,i^,B''''' = '^^e/J (2.3) 

where cr^^g, is any fiat spinorial tetrad and e^j,^^ = 2i(T[^|^,|^(7j|g|'^ c\b'\^ d]j^ asso- 
dated volume tensor of the fiat metric rj^^ = <^bcc' ■ "^^^ abelian gauge symmetries on 
these field variables consist of infinitesimal variations given by a linearized general- covariance 
symmetry 

kKBB'^'='^^\B'd^ai,)-^\ ^°kB"'^ = 0, (2.4) 

a linearized supersymmetry 

A' A' A 

k^aB ^- = da(B \ kKBB = 0, (2.5) 

and a linearized local Lorentz symmetry 

(0) _4 A A' 

^Kbb' " = ^aB' Xab " + c-c, 5^^^B = 0> (2-6) 



which involve as respective variables the arbitrary covector fields ^/^'^ , spinor fields Cb"^*; 
and symmetric spinor fields Xab'^'^ ~ X(ab)'^'' ■ '^^^ ^^^"^ equations have a gauge invariant 
Lagrangian formulation given by 

L = hA^s^aBB'^'^E,''^'''''' + WA'^B'^^aB'^'^'^'/'''''' + Cc) (2.7) 

where g'^^g^ and g'^, are, respectively, components of any fixed diagonal real- symmetric 
and skew-hermitian nondegenerate matrices. In particular, through Euler-Lagrange opera- 
tors ^haBB'i ' ) -^V'aB ( ' )) which annihilate total divergences, the Lagrangian p.7|l yields 



the field equations 

Ek2=^K:iL), E^2=E^2{L), (2.8) 
while invariance with respect to the gauge symmetries is expressed by 

. (0)(2) . (0)(2) (0)(2) 

^h±B'iW = ^ktl^B'i^cL) = Ek±B'i^xL) = 0, (2.9) 

(0)(2) (0)(2) , (0)(2) 

E^i-(5jL) = E^i^^^L) = E^^^{6^L) = 0. (2.10) 

A deformation of this linear theory is defined by adding terms of linear and higher powers 
to the abelian gauge symmetries 

(0) A <-^'l A A A' A' A' 

S KbB^ ' + 5 KbB + ■■■ = ^KbB Si^aB ' + Si^aB ' + " " " = ^i^aB \ (2.11) 

while simultaneously adding terms of quadratic and higher powers to the linear field equa- 
tions 

(1) A A A A' (2) 

^haBB' + ^haBB' " ^haBB'^ ^i'aB + ^^aB " ^^aB^ {I. II) 

such that there exists a gauge invariant Lagrangian (to within a total divergence) 

(2) (3) 

L + L + --- = L (2.13) 



satisfying 



^htB'm = ^. E^^i(5L) = 0, (2.14) 



where the Lagrangian is related to the field equations through E/^^^^, (L) = Eh^^^^, and 

A' A' 

E^^^(L) = E^^^. We restrict attention hereafter to non-higher-derivative deformations 

A A' 

whose terms are locally constructed from h^^^, ^ , ip^^ ^ , and their derivatives, (in addition 

A A' 

to the spacetime coordinates) such that at most one derivative in total of h^^^, iIj^^ 



C^''' Cb^^ ^ Xab'^'' appears in the deformed gauge symmetries, and at most two derivatives 

A A' 

in total of h^^^, ip^^ appear in the deformed field equations. Moreover, any such defor- 
mations that are related by invertible, nonlinear locally constructed field redefinitions (i.e. 
change of variables) of h^^^,'^'' , '4^aB^^ ■> C^''; Cb^'^ ■> Xab'^'' considered to be equivalent. 
The condition of local gauge invariance ()2.14|) provides the determining equations for allowed 
deformations. 

The determining equations have a more useful and geometrical formulation as the follow- 
ing Lie derivative equations. We introduce the Lie derivative operator Cs with respect to 
field variations i^h^^^,'^'' ,6iIj^^'^'^) acting on field equations (-E/i^^'^/, -E,/,^) by 

-de{EHff'd6Kj,^'^/didXBB'-'n + E/,ld6^pJ'^/didXBB'-'n + c.c.) 

(2.15) 

+E,ff'd6h^^^,''^/d^p^/^ - d^[E,ff'd6K^J-^/d{d^^^/^) 
+E^%ld5^J'^/d{d^^^/'^) + ^^nf ^^^cD'^'V^l^e^aB-"^)) (2.16) 

where 

5 = 6h^^^,^^d/dK^^,^" + 5^ljJ'^d/d^l,J'^ + C.C. 

Hd^5KnD'''')d/d{d^K^^,^-^) + {dMJnd/d{d^^ljJ-) + c.c. (2.17) 

defines the field variation operator. Here, note, we have taken into account the restrictions 
on highest orders of derivatives in the field equations and field variations as relevant for 
non- higher-derivative deformations. 

Proposition 1. Local gauge invariance holds iff the Lie derivative of the field equations 
with respect to the gauge symmetries vanishes: 

^5^{EhaBB'yE^aB) = 0' ^S^i^h^BB' y ^i^as) = 0' ^S^i^h^BB' ^ ^^aB) = 0- (2.18) 

These invariance equations assert geometrically that the gauge symmetries are tangent 
directions to the surface defined by solutions of the field equations in the space of spin-2 and 
spin-3/2 field configurations. Gauge invariance implies, consequently, that the commutations 
of the gauge symmetries have the same property. 

9 



Proposition 2. Local gauge invariance holds only if the Lie derivative of the field 
equations with respect to the gauge symmetry commutators vanishes: 



C[s^^^5i;^]{Eh'^l^^,,E^'^^) = 0, C[s^^^s^^]{Eh'^^j^,,E^'^^) = 0, ^[5i;^,5^^]iEh'^j^^,, E^^,'^^) = 0. 

(2.19) 

An expansion of these equations (j2.18p and (j2.19|) in powers of the fields gives a hierarchy 
of determining equations whose solutions yield all allowed deformation terms in the field 
equations and gauge symmetries. 

Compared with Ref. Q, Is^, this framework for deformations of the linear abelian gauge 
theory of a set of ordinary spin-2 and spin-3/2 fields is more general in that it does not 
use the familiar choice of a symmetric tensor for the spin-2 field variables, corresponding to 
<y[if^ hg^QQi^^ = 0, as imposed by gauge fixing with the linearized local Lorentz symmetry. 
Indeed, the choice here of nonsymmetric spin-2 field variables h^^^,^'" allows the framework 
to encompass the related possibilities of deforming the local Lorentz symmetry on the fields 
^aBB' ^ ■'''PaB ^ ■> ^^"^ having nonlinear couplings that involve the skew part of the fields 

BB' , Af, 

^[b '^a]BB' ■ |— I |— I 

Finally, it is important to remark that, as in Ref. (l8l. l2fil|. no conditions are assumed or 
required on the possibilities allowed for the form of the commutators of the deformed gauge 
symmetries in the framework here. However, through the condition of gauge invariance 
of the Lagrangian, closure of the deformed gauge symmetries on the solution space of the 
deformed field equations will be seen to arise order by order, stemming from the fact that the 
abelian gauge symmetries generate all of the gauge freedom in the solutions of the linear field 
equations. Any deformation therefore automatically determines an associated infinitesimal 
gauge group structure. 

B. Deformation results 

The solutions of the determining equations (12.181) and (j2.19|) can be obtained by the 
methods used for the deformation analysis in Ref. [isi liojl . We now outline the steps for the 
corresponding analysis here. (See Ref. j^] for more details.) To begin, the first order parts 
of all allowed deformations are found by solving the Oth-order part of the Lie derivative 
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commutator equations ()2.19|) and Ist-order part of the Lie derivative equation ()2.18p for, 

A A' 

respectively, the hnear terms in the gauge symmetries Sh^^^, dtp^^ ^ and quadratic 

^''^ A' 

terms in the field equations Eh^gg, , E^^^ . Calculation of the gauge symmetry commutators 

(0) (1) ^ (0) (1) ^ (0) (1) ^, (0) (1) ^, 

^i{^2haBB' '') " ^"ii^i^aBB' ^) ^'^^ ^i{^2'ipaB ~^ ^2{^i'4^aB then determines the lowest- 

(0) (0) 

order part of the infinitesimal gauge group structure ^2] = 5^. Closure of this gauge group 
structure at the next lowest order is derived from equations given by the Ist-order part of 
the Lie derivative commutator equations ()2.19j) minus the Ist-order part of the Lie derivative 
equation ()2.18|1 for the commutator gauge symmetries, where the field variables are taken to 

(1) _^ (1) 

satisfy the linear field equations, Eh^^^ = E^^^ = 0. When the gauge symmetry variables are 

A A' A A A' 

taken to be rigid, ^ ~ const., ^ ~ const., Xab = 0, so that S h^^^, ^ = Sip^^ * = 
0, the resulting Lie derivative equations are seen to impose integrability conditions on the 
first-order parts of the deformations. In particular, algebraic conditions arise on the coupling 
constants in the linear terms in the gauge symmetries and quadratic terms in the field 
equations. These conditions are necessary (and, in fact, sufficient) to allow solving for 

(2) _^ (2) ^, 

the quadratic terms in the gauge symmetries Sh^^^, Sip^^ and cubic terms in the 
field equations Eh^^^, , E^^^ from, respectively, the Ist-order part of the Lie derivative 
commutator equations ()2.19j) and 2nd-order part of the Lie derivative equation ()2.18j) (with 
the gauge symmetry variables no longer being rigid and the field variables no longer satisfying 
the linear field equations), determining the second order parts of all allowed deformations. 
Last, uniqueness of the second and higher order parts of the deformations is considered by an 
induction argument. Let Adh^^^, ^, Adip^^ AE^^I^^,, AE^^^ denote the difference 
of any two deformations that agree up to some finite order 1 <k < ^. These terms are shown 
to vanish at order = £ -|- 1 by solving the £th-order part of the Lie derivative commutator 
equation ()2.19j) and the I + Ist-order part of the Lie derivative equation ()2.18j) . Hence it 
follows that any such deformations agree to all orders. 

To state the main results of this analysis, it is convenient mathematically to view the set 
of ordinary spin-2 fields h^^^,'^^ as being an equivalent single spin-2 field h^^^, possessing 
the internal structure of a real vector space M'^^X, and similarly to view the set of ordinary 

A' 

spin-3/2 fields ip^^ ^ as being an equivalent single spin-3/2 field i/?^^ possessing the internal 
structure of a complexified vector space M"' (S> Y. 

Theorem 1. All non-higher-derivative deformations of the linear abelian gauge the- 
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ory i2.^} to \2. 1\) for a set of ordinary spin-2 and spin-3/2 fields are (up to field redefi- 
nitionsj equivalent to the nonlinear gauge theory of an algebra-valued tetrad field = 
ic^^^ +h^^^ and an algebra-valued Rarita-Schwinger field (p^^ = xj)^^ given by the chiral 
generalization of N= 1 supergravity theory based on a modified Grassmann algebra inter- 
twined with charge conjugation. (Here is a flat tetrad, and 1 is the unit element in 

the algebra.) 

The algebra on the vector spaces ® X, M"' (8) Y, which we denote AgQ, underlying this 
nonlinear theory is defined by multiplication structure constants (real- valued) and 
(complex- valued) b'^^jg/c'^ c b ' b c ■ These constants satisfy the following linear 



and quadratic relations 





- a^' 


BaCp 

















(2.20) 
(2.21) 
(2.22) 



and 



^ ^ B^V^O, CpSa ~ ^ ^CjiV^O, "^BcSa^ (2.23) 

Af, jV^ _ ,A^, B'^ /r, r,c-\ 

^ ^c'v)^ ''s'B' = ^'^ ^B'vJ^ " E'C'-' (2.26) 



together with the additional relations 



^At,B^ — iB^Af,^ iB^Af,^ Cc^Vp — ICc^A^,^ " B^Vp-: (2.27) 
'i A'.B' = B'A',-> ^B,Au^ "c'.O' ^ ^ C'£''^ ^ V'B,^ (2.28) 



where an overbar denotes complex conjugation. Note that, due to the equality ()2.22|) . the 



_4' 

structure constants d \ will be suppressed hereafter 



To conclude the main results, we note that Theorem 1 can be immediately specialized to 
the case of spin-2 fields alone. 

Theorem 2. All non-higher- derivative deformations of the linear abelian gauge theory 
Ii2.4]) , \2.(^) . \2. 7| ) for a set of ordinary spin-2 fields are (up to field redefinitions) 
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equivalent to the nonlinear gauge theory given by the formulation of Einstein gravity the- 
ory for an algebra-valued metric field g^^^ = ir/^^ + a^^^ ^a)BB' '"■^^^fl' o.^^ even-Grassmann 
algebra. 

In this nonlinear theory the even-Grassmann algebra, which we denote Aq on the vector 
space M" X, is defined by the multiplication structure constants (real-valued) a'^^g^c^ 
satisfying the linear and quadratic relations ()2.20|) . ()2.23|) . ()2.27|) . 



III. MAIN RESULTS 



The results obtained in Theorem 1 for non-higher-derivative deformations are now recast 
to give a classification of nonlinear gauge theories of n > 1 spin-2 fields h^^^,^ (/^ = 1, . . • , "n,) 
and n' > 1 spin-3/2 fields "^PaB^ ~ 1, . . . with formal internal multiplication rules. 
This will be accomplished by factorizing the algebra structure on the vector spaces M" X 
and M"' ® Y defined by the coupling constants q^^^, ^'^^ b' c ' ^^'^c Ba ^-ssociated with 
deformations for the equivalent set of ordinary fields h^^^,'^'' ^ . 



A. Algebraic structure 

To proceed, we consider the factorizations 

" BcC^ ~ " afS^ BC^ " B'^C^ ~ " nr^ B'C'-> C'^Ba ~ Ta'-^ C'iS' y"^-^) 

together with 

where A^^^^ q^^, Q^^ are real constants, and fe^^p, B g,^, , c p^, C q''^p, Q'jcb' 

are complex constants. Mathematically, this corresponds to factorizing the algebra AgQ 
defined by (jT^ to (jT^ on R" (g) X, M"' (g) Y, into an internal part on X Y, denoted 
-^internal' "with multiplication structure constants ^4"^^^, B'^j^,^,, C"^ and a. n + n' dimen- 
sional part on M" © R"', denoted A^^^^pjj^g, corresponding to the coupling constants a^^^, 
6^f^P, c^pq,, for a set of n spin-2 fields and n' spin-3/2 fields. We now substitute the fac- 
torizations ()3.ip and ()3.2p into the linear and quadratic algebraic relations ()2.20p to ()2.28p . 
which correspondingly factorize into the following parts: 

«'^a/5 = AiaV ^^5C = V = l, (3-3) 
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a'^aXfla = ^2a%Xaa' ^'^ BC^^ V£ = ^ I ^^A^^ VC^^ B£^ >^2^ = I. (3.4) 



and 



^'^Ar ~ -^s^^rA' -^"^e'C ~ ~ V^3-B"^c'B'' -^3^3 — 1, (3.5) 



A 



c 



vJ' sn ~ -^4C ^J) B'c^ ve' — —^/^iC'^£icB x>'B'^ -^4^ — 1, (3.6) 



together with 



V=^7g^M' = iAtQb^, A7^ = 1, (3.9) 

= QbaA'^CV='^/>'8QcaA^BV^ Ag^ = 1, (3.10) 



and 



Ar 



AqO'Va' Q'^'b' ~ "l/AgQ'g/^', A9A9 — 1, (3.11) 



(lufi^^AT — '^lO^lAQ'^^Tiy^ Q BA^'^ C'V — ^ / "^loQ' C'A'^"^ V'B^ ^iq 7^ 0, (3.12) 

for some constants A. Note that the relation ()3.3j) imphes a'^^t^ either symmetric or 
antisymmetric in its lower indices. Compatibility of this index symmetry with the simi- 
lar symmetry imposed by the relation ()3.4p requires Ai = A2 (or else a'^au^" ~ 
A^ BC-^ v£ ~ 0)- "^^^ same argument applied to relations ()3.9|) and ()3.10|) leads to A7 = Ag. 
Likewise, in the case where is taken to be real, then compatibility of the resulting 
index symmetries imposed by (j3.5|) and (j3.6|) requires A3 = A4 (or else c^ru^'^T.n ~ ^ ^^'^ 
^ B'C^ V'C ~ 0)- 

The main properties of the internal algebra on the vector spaces X, Y and the field- 
coupling algebra on the vector spaces M", W^' defined by the algebraic equations ()3.3p to ()3.8p 
will now be summarized. In equations ()3.3p and ()3.4|) . the condition Ai = A2 = ±1 leads 
to two cases. For Ai = A2 = 1, cl^ ^13 defines multiplication structure constants of a real, 
commutative, associative algebra M" xM" — * R", while ^"^^^ defines multiplication structure 
constants of a real, anticommutative, anti-associative algebra X x X ^ X. These algebras 
exchange properties for Ai = A2 = — 1. The multiplication laws consist of 

U1U2 = ±U2Ui, Q1Q2 = (3.13) 

Ul{u2U3) = ±{UiU2)u3, gi{g263) = =F(^1^'2)^'3, (3.14) 
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where m's, ^'s stand for elements in M", X. 

In equations ()3.5p and ()3.6|) . consider first the situation of real algebras, arising if b^Qj- = 
6^j^P, B'^jg,^, = B'^igic' (which requires A3 = A4). Then, the condition A3 = A4 = ±1 leads 
to two cases. For A3 = A4 = 1, b^Q^p and c^pq, define multiplication structure constants of 
real, commutative, associative products while B „,r, 

and C define multiplication structure constants of real, anticommutative, associative 
products Y X Y ^ X and Y x X ^ Y. These products exchange properties for A3 = A4 = 
—1. The multiplication laws are given by 

0102 = ±0201, = TAA, (3.15) 

01(0203) = ±03(0201) = 03(0102), M^2^3) = tM^2^i) = (3.16) 

where o's, t^'s stand for elements in R'^', Y. 

The situation of complex algebras arises from equations (j3.5p and (j3.6p if b^^j. 7^ b^nr^ 
^^B'C 7^ ^^B'C- There is no relationship required between A3 = e*^ and A4 = ±1 in 
this situation. These conditions then lead to two cases giving either associative or anti- 
associative multiplication rules ()3.14|) and also to a one-parameter family of cases of gener- 
alized commutative-type multiplication rules 



0102 = e^^^olo^, did2 = -e^'^^iA, (3.17) 

in terms of a real constant 6. 

Finally, from equations (j3.7|) and (j3.8p . the previous products satisfy generalized 
associative-type multiplication rules 

(Oi02)ui = A0i(02Ui), {A^2)Q1 = l/XM^2Qi), (3.18) 
(OiUi)u2 = A'0i(uiM2), {^h0l)02 = 1/X'^l{gi02), (3.19) 

in terms of real constants A 7^ 0, A' 7^ 0. Thus, strict associativity holds for the case 
A = A' = 1, whereas anti-associativity holds for the case A = A' = —1. Other values of A, A' 
yield generalized types of associativity. 

Hence the algebraic equations ()3.3|1 to ()3.8j) together define an internal algebra Ajj^^gj.^j^j 
on X © Y with formal multiplication rules ()3.13j) to ()3.19j) for the even and odd elements 
g's and ^9's, and a field-coupling algebra Aj.Qypijj^g on M" (B R"' with multiplication structure 
()3.13|) to ()3.19p for the even and odd elements m's and o's. 
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The remaining algebraic equations ()3.9p to ()3.12|) determine an inner product on the 
internal algebra and on the field-coupling algebra, as will be needed for construction of 
a scalar La grangian later. From equations (j3.9|) and (|3.1(J|) . the independent conditions 
A7 = ±1, Ag = ±1 yield four cases for the symmetry and invariance properties of the inner 
products defined on M",X. For A7 = ±1, the inner products are respectively symmetric or 
antisymmetric 

< Ul,M2 >= ± < ^2, Ui >, < Ql, Q2>= ^ < Q2', Ql>', (3.20) 

and for Ag = ±1, invariant or anti-invariant 

< Ui,U2U^>= ± < U2,UiU'i>, < Qi, Q2Q'i >= ± < Q2, QlQz > ■ (3-21) 

Similarly, from equations (j3.1ip and (j3.12j) . the inner products defined on M"', Y satisfy a 
two-parameter family of cases of symmetry properties 

< oi, 02 >= e^''< 02,01 >, <^i,A >= -e^''<A,A >, (3.22) 
and invariance properties 

< Ml, 01O2 >= A < oi, 02U1 >, < ^1, i9i'(92 >= 1/A < i?!, 'i92^'i >, (3.23) 

in terms of a real constant 6 and complex constant A 7^ 0. In the situation of real inner 
products, which arise if g'^^r ~ ^'af' Q'a'B' ~ Q'a'B'' symmetry property (j3.22j) reduces 
to strict symmetry or antisymmetry 

< oi, 02 >= ±< 02,01 >, < 1^1, 132 >= =F< ^^2, ^1 > (3.24) 
while the invariance property ()3.23|1 is restricted to A = A. 



B. Nonlinear gauge theories of spin-2 fields 

To begin, consider for spin-2 fields alone the factorization of the even subalgebra of AgQ, 

Aring ® = Ag (3.25) 

defining a field-coupling algebra A^J^^p^j^g for a set of n > 1 spin-2 fields h^^^,^ whose formal 
multiplication rules are given by an internal algebra Aj^"j.^j^j^[. This factorization combined 
with the deformation results in Theorem 2 yields a classification of nonlinear gauge theories 
of spin-2 fields h^^^,^ (/^ = 1, • • • , "n-) with formal multiplication rules. 
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Theorem 3. All non-higher-derivative gauge theories of a nonlinearly coupled set of 
n > 1 spin- 2 fields h^^^,^ using formal multiplication rules are (up to field redefinitions) 
given by the formulation of Einstein gravity theory for a single matrix- algebra valued metric 

fi^^'^ 9abBi^^ = ^is/^^Vab^^'^^ B^Ca^ {b^^ ^a)BB'^'' '^f^c/i that the algebra is a factorization of an 
associative, commutative algebra \3. 25]) as given by relations VJ. and \^.4^ . The coupling 
constants and multiplication rules for h^^^,^ are given by the algebras A^^^^jj^^^, Aj^^j.^^^^; in 
this factorization. 

These nonhnear spm-2 gauge theories for h^^^,^ (/x = 1, . . . , n) are most naturaUy con- 
structed in terms of metric tensor fields 

9ab.' = ^\.Kb'' + S/Vab (3-26) 
and Christoffel connection tensors 

rV = ^?-^^^(5(.V-|5A.n (3.27) 

where g~^°'^^ ^ is the inverse of g^^,J^ satisfying 

g-'^^'^gab: = W- (3.28) 

Introduce the Riemann curvature associated with T'^^i,^ by 

Rabf = d^a^U' + «^/.r^c[a"r^j/, (3.29) 

along with the Ricci tensor and scalar curvature 

Rab' = Racb'^ R' = g-'^'^Ra^- (3.30) 

Then the field equations for h^^^ are given by the vacuum Einstein tensor 

Gab' = Rab' - bab/R'' = ^ (3.31) 

The gauge invariance on solutions /i^^^ is given by a general-covariance symmetry 

W = Cd^g^J + 2d^rgb)J (3.32) 
and also, trivially, by a local Lorentz symmetry 

5^hJ = (3.33) 
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since the skew part of h^^^,^ does not enter h^^^ . A gauge invariant Lagrangian is readily 
formulated by considering the densitized scalar curvature 

L%,^2 = deAi9TX (3.34) 

1 

where def^i^gY^ is the metric volume density given by 

detkg)\detkg)\ = 9a^/9bn,''9e,/9di.'^''"''e-'K (3.35) 

Under the general-covariance symmetry ()3.32|1 . L'^p^^2 invariant (to within a total diver- 
gence 9^5*"^) and in addition is trivially invariant with respect to the local Lorentz symme- 
try ()3.33|) . Moreover, by variation of /i^;,^, -Z^^pin2 yields the field equations ()3.31|) . such that 
5/iLgpj^2 = ua^'^^" ^^ab ^ ^ total divergence. Construction of an equivalent scalar Lagrang- 
ian will be addressed shortly. It is important to emphasize here that, in the expressions for 
the Lagrangian, field equations, and gauge symmetries, all products of the fields h^^ involve 
formal multiplication given by the rules of the internal algebra A^^^^^^^j (so any change in 
the order or arrangement of the fields requires using these formal rules). As a consequence, 
mathematically, these expressions are not real-valued but rather are regarded formally as 
taking values in AjXLi- 

From the algebraic results in Sec. IIII Al we see that there are only two types allowed for 
the multiplication rules Aj^^^^^^^^j and the accompanying coupling constants A^^^^jj^^ in the 



nonlinear theories ()3.2fi|) to ()3.34j) . One type is, obviously, where A^[^™^[j^g is an arbitrary 



n 



dimensional associative, commutative algebra and Aj^^j.^^^^] consists of standard multiplication 
so each h^^ is formally a commuting field. In this situation, a simple case for Aj'^^j.^^^j^j is just 
given by the algebra of real numbers, M, and correspondingly, h^^^^ is a set of ordinary (i.e. 
real-valued) fields. The nonlinear theories ()3.26|1 to ()3.34|1 thereby are precisely the same 
as the multi-graviton theories first found by Cutler and Wald. This is most easily seen by 
employing a unit element l'^ in A^J^^^jj^^ (appending one if none exists jl^). Then, through 
the relations a'^^^t'^ = and g^^,J^ = of^ y^Qab" ^ nonlinear theories ()3.26p to ()3.34|) 
simplify to Einstein gravity theory for the A^[|^™^[j^g-valued metric tensor 



Qab = ^Vab + ^(f,^^'\)BB' (3-36) 



with A^P;^^^^^i 



The other allowed type is instead that A^^^p^^^ is an arbitrary n dimensional anticom- 
mutative, anti-associative algebra and Aj^^'gj.^j^g^j comprises formal rules of anticommutative, 
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anti-associative multiplication. In this situation the fields h^^|^ are each formally anticom- 
muting and obey an anti-associativity relation for formal products with three (or more) 
fields, 

Q1Q2 = -Q2Q1, Qi{Q2Q^) = -{qiQ2)Q3, (3.37) 

where ^'s stand for h^^^^ or products of any number of h^^^^s. An anticommutative, anti- 
associative field-coupling algebra A^^^^jj^^^ is characterized by structure constants with the 
antisymmetry properties 

= 0' = 0- (3-38) 



A simple nontrivial example is given bya-,^27^05'^137^05'^237^0' 



1 



7 



2 5 



7^ (all others zero, taking into account antisymmetry) with n = 7, produc- 
ing a seven- dimensional anticommutative, anti- associative algebra A^J^^^j^g. (This example 
arises by forming all possible anticommutative, anti-associative products of three genera- 
tors: Ui,U2,Us,Ui2 = U1U2 = -U2Ui,Ui3 = U1U3 = -M3M1, U23 = U2U3 = -U3U2, Ml23 = 

W1M23 = — W23M1 = — M2W13 = 'Ui3'U2 = W3M12 = —U12U3, and all other products equal to zero.) 
These antisymmetric structure constants a^^fB yi^ld a nonlinear multi-graviton theory ()3.26|1 
to ()3.34|1 for a set of seven coupled anticommuting spin-2 fields h^^^,^ (/i = 1, . . . , 7). As 
illustrated by this example, the anticommuting nature (and anti-associativity) of h^^^,^ 
here is tied to the number n of spin-2 fields being at least two. 

Moreover, in contrast to the commutative, associative type of algebra for A^^^^jj^^g in the 
Cutler- Wald multi-graviton theories, the new multi-graviton theories presented here for an 
anticommutative, anti-associative type of algebra A^^^^jj^^g do not have a formulation in terms 
of an A^^™^[jj^g-valued metric tensor ()3.3(ij) . since no anticommutative algebra can admit a 
unit element. 

Finally, we turn to constructing a scalar Lagrangian for these multi-graviton theories. The 
construction makes use of an invariant inner product on the field-coupling algebra A^^^p^jj^^g 
as follows. 

Consider, first of all, the case of an associative, commutative algebra A^J^^p^j^g on M", with 
structure constants ^p- For simplicity, it is sufficient to assume a^^^ is irreducible (namely, 
that the algebra is not a direct sum of two or more nontrivial subalgebras). An invariant 
symmetric inner product with nondegenerate components q^^ = g^^^^^ is characterized by 
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the invariance relation 

= 0- (3.39) 

Now, suppose a^^f^ possesses a unit element 1'^. Then the relation ()3.39|) shows that 

du. = <i\<^\. (3-40) 

where q* ^ = q^^t^ represents the dual of V with respect to the inner product. Consequently, 
any inner product is obtained by fixing some constants q* ^ such that the components ()3.4()|1 
are nondegenerate. If there is a nilpotent element in the algebra, then nondegeneracy holds if 
and only if the most nilpotent ideal is one-dimensional and q* ^ is chosen to be nonvanishing 
on a most nilpotent element. An example of such algebras is any even-Grassmann algebra. 



■"even 
■^unit • 



Alternatively, if t 
irreducibility assumption 



lere are no nilpotent elements in the algebra, then due to the 



IgI ]. the algebra is necessarily isomorphic to M or C and then it is 
sufficient to choose q* ^ to be nonvanishing on the unit element. 

Proposition 3. For an associative, commutative algebra ^^m'^Wng '^^^h a unit element and 
with a most nilpotent ideal of at most one dimension, a scalar Lagrangian for the nonlinear 
theories \3.2(^) to \3. !^4\ ) using formal associative, commutative multiplication rules for h^^'^ 
is obtained simply by taking 

^spin2 = <l*Ain2 (3-41) 

where q* ^ projects onto the most nilpotent element or, if none, the unit element. 

This Lagrangian is invariant (to within a total divergence) under the gauge symmetries 



()3.32|) and ()3.33|) and yields the field equations ()3.31|) by variation of /i^j, . 

Next suppose A^^^p^^^g is an associative, commutative algebra that is completely nilpotent. 
In this case, for any constants q*^, clearly the components (j3.4(Jj) are degenerate on the 
most nilpotent ideal and so the scalar Lagrangian (j3.4H) breaks down as it does not contain 
(at least) the field Of course, the relation ()3.4U|) is merely sufficient, but not 

necessary, for q^^ to satisfy the invariance property ()3.39|) when A^^^p^^^g does not possess 
a unit element. However, for the example of nilpotent even-Grassmann algebras, G^IfjJ^otent ' 
any invariant q^^^ is degenerate on the most nilpotent ideal. (For instance, consider the even- 
Grassmann algebra with three nilpotent generators: Ui, U2, M3, U12 = U1U2, M13 = ^^1^3, U23 = 
U2M3,Mi23 = U1U2U3. Since the square of any element is zero, the invariance property of 
Qua applied to < Ui23,u >=< Ui,uu23 >=< U2,uui3 >=< U3,uui2 > forces this to vanish 
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for all elements u.) An example on the other hand where an invariant nondegenerate q^^ 
exists is any nilpotent monogenic associative, commutative algebra, Vp. (Namely, consider 
an associative, commutative algebra that is generated by powers of a single element u such 
that u^~^^ = 0. Then the inner product defined by < >= is, clearly, invariant 

and nondegenerate on the entire algebra.) In this grangian is constructed 

by the following procedure. 

Proposition 4. For a completely nilpotent associative, commutative algebra ^^^^^n^g with 
an invariant nondegenerate inner product, a scalar Lagrangian for the nonlinear theories 
\3.2d\) to \3. 34\ ) using formal associative, commutative multiplication rules for h^f^^ is given 
in terms of components q^^ of the inner product by 

^spin2 = V^'' (3-42) 

where L^^ is the coefficient of a" in L"^^^2- 

This construction works because, if we split L"^^^2 ~ linear h^f^" terms, the 

linear terms are found to be a total divergence and so q^^L^^ retains the gauge symmetries 
and field equations of L"^:^^^ due to the invariance property of q^^. 

Last, consider the case of an anticommutative, anti- associative algebra A^^^p^^^g on M", 
with structure constants ^p. An invariant antisymmetric inner product with nondegener- 
ate components q. ^ = qi i is characterized by the invariance relation 



= 0- (3.43) 

Observe, here, that due to anticommutativity, the square of any element in A^^^p^^^g vanishes 
and hence the algebra is completely nilpotent. Consequently, although the relation ()3.4U|) 
continues to yield an invariant inner product, it is degenerate on all most nilpotent elements. 
Moreover, an argument similar to the one for the example of a nilpotent even-Grassmann 
algebra G^Ii'^^q^.^^^ considered previously shows that any invariant inner product for an an- 
ticommutative, anti-associative algebra generated analogously to G'^^f^^^^^^ must always be 
degenerate. However, if an extra element is appended in a suitable manner, then an invariant 
nondegenerate inner product exists on the enlarged algebra. (In particular, for the example 
of the seven-dimensional anticommutative, anti-associative algebra with three generators 
ui,U2,U3 given earlier, the nilpotency property = -^2^ = Us^ = combined with the 
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invariance property < mi23,m >=< Ui,uu23 >=< U2,uisu >=< Us,uui2 > forces this inner 
product to vanish for all elements u. But, by appending an extra element uq and imposing 

^0^123 = 0, it follows that < UuSjUq > = < Ui,UqU2Z > = < U2,Ui3Uo > = < U^,UqUi2 >7^ 

determines an invariant nondegenerate inner product.) More generally, if we mod out with 
respect to the most nilpotent ideal in an anticommutative, anti-associative algebra formed 
from any number of generators, then the quotient algebra admits an invariant nondegenerate 
inner product. 

The construction of a scalar Lagrangian in this case now parallels Proposition 4. 

Proposition 5. For an anticommutative, anti- associative algebra A^^^J^^jj^^g with an in- 
variant nondegenerate inner product, a scalar Lagrangian for the nonlinear theories \3.2(^) 
to using formal anticommutative, anti-associative multiplication rules for h^^^ is given 

by \'J-4''^ in terms of components q^^ of the inner product. 

In all cases, the Lagrangians ()3.34|) . ()3.4ip . ()3.42p are polynomial in h^^^ (and its deriva- 
tives) when, and only when, the field-coupling algebra A^^JJ^^^^g is completely nilpotent. 
Moreover, in this situation these Lagrangians depend essentially on the background flat 
tetrad cr"^^ . Indeed, the nonlinear theories ()3.2(')|) to ()3.34j) are not independent of this flat 
tetrad unless the field-coupling algebra possesses a unit element. 

As a final remark it is worth noting that the inner products on A^^^^jj^^^ underlying these 
scalar Lagrangians are of indefinite sign whenever the field-coupling algebra is 

nontrivial (in particular, if the most nilpotent ideal is a proper subalgebra). Consequently, 
the canonical stress-energy tensor derived from the scalar Lagrangian associated to the set 
of coupled fields h^^j^ lacks any formal positivity properties, in contrast to the well-known 
dominant energy property of the stress-energy tensor in the case of a single field h^^. 



C. Supersymmetric extensions 

It is straightforward to construct supersymmetric extensions of the nonlinear multi- 
graviton theories ()3.26|) to ()3.34j) . starting from a factorization of the algebra AgQ = 
-^coupling ® '^internal obtaiu a field-coupliug algebra ^conpiing a set of > 1 spin-2 
fields h^^^,^ (/i = 1, . . . ,n) and n' > 1 spin-3/2 fields ip^^^ (A = 1, . . . ,n') whose formal 
multiphcation rules are given by an internal algebra Ajj^^gj.j^g^j. 



22 



From the algebraic results in Sec. IIII Al we see that the allowed multiplication rules 
-^internal accompauyiug coupling constants A^^^p^j^g comprise a rich variety of types. 
First of all, note the algebras possess a semidirect product structure stemming from a natural 
grading into even and odd parts, A|;™p(j°g'^ and A|j^™(^°'^'^, which correspond respectively to 
the spin-2 fields (assigned even-grading) and the spin-3/2 fields (assigned odd-grading). 
The even parts AJ;™pjjjjg and A?^^^J].^^[ are given by the two types of algebras Ag discussed 
in Sec. IIII BI for the case of spin-2 fields alone. The odd parts A°^ypjjjjg and A°^^j.j^j^[ involve 
the product structure Ag^^^ x Ag^^ into AIq'^, called odd multiphcation, and x Ag^" 
into AgQ^^, called even-odd multiplication, which defines the semidirect product of A|q° with 
AgQ^^. In addition, Ag^^^ is allowed to be complexified whereas AIq"^ is necessarily real, with 
complex conjugation representing charge conjugation on the spin-2 and spin-3/2 fields. 

In the case of real algebras AgQ, the only allowed types of odd multiplication are associa- 
tive and either anticommutative or commutative, while the allowed even-odd multiplication 
exhibits a two-parameter type of generalized associativity. The case of complexified algebras 
AgQ is richer in allowed types, due to intertwining of complex conjugation with both odd 
multiplication and even-odd multiplication. This will not be explored in further detail here. 

To proceed, the supersymmetric extension of the nonlinear theories ()3.26p to ()3.34|) for a 
set of fields h^^g,^ (a^ = 1, . . . , "n-) and 'ip^B^ (^ = 1, • • • , "'^O with coupling constants given by 
'^coupling ^^"i using formal internal multiplication rules of A;j^jgj,jj3^i is based on the following 
main result. 

Theorem 4. All non-higher- derivative gauge theories of a nonlinearly coupled set ofn > 1 
spin-2 fields h^^^,^ and n' > 1 spin-3/2 fields ^^^^ using formal multiplication rules are 
(up to field redefinitions) given by the chiral generalization of N= 1 supergravity theory ^21] 

for a single real, matrix- algebra valued tetrad field eaBB'sJ^^ ~ ^B^'^'^'^aBB' '^^'^^ BXa^aBB'^" 

A' 

and a single conjugate-pair of complex, matrix- algebra valued vector-spinor fields ^^bb^ ~ 
'^'^^c'B '^aB^^ ! '^aB'c'^'' ~ ^'^'^ B' C aB'^^ such that the algebra is a factorization of a modi- 
fied associative, graded- commutative algebra AgQ = Aj,Q^p[;j^g (8) Ai^^.j,j.j^j^[ that intertwines with 
charge conjugation as given by relations i3. !^} to i3. The coupling constants and multi- 
plication rules for h^^^,'^ and ipg^^^ are given by the algebras Aj,Qypijj^g, Aijj^m,jj3^i in this fac- 
torization. 

The resulting nonlinear gauge theories for the fields h^^^,^ ,ijj^g^ (/i = l,...,n, A = 
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1, . . . , n') are most naturally formulated in terms of vector-spinors 

^asJ" = c'vvi^aB^^ "PaB'/ = AF^^ aB'^ ^ (3-44) 

and tetrads 

^aBB'J^ ~ uu^aBB' ~^K^^aBB'^ ^aBB'V ~^ Ta^aBB' + '^aBB'^ (3.45) 

along with Lorentz spin connections and curvatures 

CD,i _ {CD)ix p CD^Ji _ o , , CD^l u CEa D/3 /o Aa\ 

determined by the torsion equation 

DD' U U Da BD' a , -D' a D T lo An\ 

V c\v - ua^{h\B e |,], + C.C. = -^[fe|/<^|,], . (3.47) 

This equation can be solved for oj^^^ by using the inverse tetrads which satisfy 

V raBB'^ _ C C . F ^aBB'A _ C CV A 

where e^,^ is the spin metric. The field equations for h^gg,^ and i^^B^ are given by the 
Einstein equation with spin-3/2 matter source 

^aBB't. _ r^aBB'f. ^ ^3_^g^ 

and by the Rarita-Schwinger equation 

^M/^'''''|a]r^ = 0' (3.50) 

where 

FcdB^ = + ^[d\E/^\c]B^'' (3-51) 

is the covariant Rarita-Schwinger field strength, and where 

^aBB'^ = e''''\/iR^"' - \g-^'''\R'') (3.52) 
is the spinorial Einstein tensor for the metric fields 

9ahJ^ — ^aBB'a^^ bu ' (3.53) 

with Ricci tensor R"''"^ and scalar curvature R'^ given by ()3.3()p . and 

T"^^''^ = i^e'^''='^^^f;"Ff/ + C.C. (3.54) 
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is the spinorial stress-energy tensor. Here 

^ — det{eY ^^^^ = 2ie ya\A'a\'^ b\Bp\ ^ c\c'^\^^ di\Au (3.55) 



p 

ahcdv 



is the tetrad volume tensor, with 

det{e)\ = deA{g)\. (3.56) 
Gauge invariance on solutions h^^^,^ and 'ip^^^^ is given by a general-covariance symmetry 

khaBB'^ = Cdc^^aBB'f + ^aCecBB'.^^ aB^ = Cdc^aBa^ + ^aC^cB.^. (3-57) 

as well local Lorentz symmetry 

^X^aBB'^ = XB'^''(^aCB'v^ + S^^aB^ = "Pac/xB^" ^ (3-58) 

and a supersymmetry 

^KbB'^ = ^aB'/CB^ + C-C, <5c^aB^ = ^^Cb^ + ^^FaCf^aB^'^^ (3-59) 

for arbitrary vector fields C,'^'^ and arbitrary spinor fields (^^ and Xbc'^ ~ X{^bc{ ■ ^ S^^S^ 
invariant Lagrangian is obtained by considering the densitized sum of a gravitational scalar 
curvature term and matter current term 

^spm2,3/2 = e "^''^i* {^{(^cCC'v^(^^' Dda)Rab^^'' + ^ aBV^ cdB^ ^' bJ )) + ^-C • (3.60) 

Under the symmetries ()3.57|) to ()3.59p . -^^^pin2 3/2 invariant (to within a total divergence 
d^S"'^). In addition, by variation of h^^^,^ and V'aB^; -^^pin2 3/2 yields the field equations 
(|3.49p and (|3.5Up . Note that all products of the fields h^^^,'^ and ip^^^ in the Lagrangian, 
field equations, and gauge symmetries involve formal multiplication rules given by Aij^^.gj.j^j^j 
(which must be used for reordering or rearranging of products). Consequently, these expres- 
sions are to be regarded formally as taking values in A;jj^gj.jjg^i. 

When A^Q^pijj^g is an arbitrary n + n' dimensional commutative, associative graded alge- 
bra and Ajjj^gj,j^g^j consists of standard Grassmann multiplication, the nonlinear theories (|3.44p 
to (j3.6(Jj) describe a = 1 supersymmetric extension of the multi-graviton gauge theories of 
Cutler and Wald, where the n > 1 spin-2 fields h^^^,^ are each formally commuting while 
the n' > 1 spin-3/2 fields ip^B^ each formally anticommuting (with all products obeying 
ordinary associativity). The odd-Grassmann multiplication rules in this extension can be 

25 



modified to intertwine with charge conjugation, so "^PaB^ '^'^ longer strictly anticommuting 
while h^^^,^ remains commuting (and products are no longer strictly associative) analo- 



gously to the single graviton and graviton case {n = n' = 1) discussed in Ref. 2l|. The 
field coupling constants can be generalized correspondingly, such that commutativity and 
associativity with respect to A°Q^p[;^g hold only up to complex conjugation. 

A different extension of the Cutler- Wald multi-graviton theories is given by using standard 
multiplication rules for the spin-2 and spin-3/2 fields, corresponding to when A;jj^gj.jjg^i is 
simply the algebra of real numbers, R, while A^^^p^^g is now a real, graded-commutative, 
associative algebra, whose structure constants a^^^, fe^^p' '^'^Va characterized by the 
relations 



= 0, (3.61) 

(nr) ~ {v\v\" s)c 



^"mn = 0' c^fri.i^'s^n = 0' (3-62) 



together with 



^ ua'^ Ar ~ " An'^ ra' Qa'^ — ^ Tv^ a/3- \6.'Q6} 

In this multi-graviton and multi-gravitino gauge theory, because h^^^,^ as well as 'ipaB^ are 
each ordinary commuting fields, supersymmetry gauge invariance of the theory relies on the 
antisymmetry properties of the spin-3/2 coupling constants ()3.62|) . which requires that the 
number n' of spin-3/2 fields be at least two. (This is somewhat analogous to aspects of the 
structure of Yang-Mills gauge theory for a set of spin-1 fields.) These coupling constants in 
the field-coupling algebra Ajj^^^j.^^^^, moreover, can be generalized to become complex valued 
with antisymmetry properties that now involve complex conjugation 

^^Kv = -b^vA ^ -b'^vA^ c'vub^n = c^nub\j: c^n^b^^- (3-64) 

The previous two types of multi-graviton and multi-gravitino theories ()3.44j) to ()3.(i()|l can 
be reformulated simply in terms of an A^^pjj^^g-valued tetrad field and an A°^^p[;j^g-valued 
vector-spinor field 

e/''' = l^/''' + C', V'/ = V'/ _ (3.65) 

through employing a unit element in Aj.Qypjjj^g (appending one if none exists ^16] ). This 
tetrad is related to the spin-2 field variable ()3.45j) in a similar way to the metric tensor 

field fl3.26|) and ()3.36|1 in the Cutler- Wald multi-graviton theories. An analogous relation is 
evident between the vector-spinor ip^^ and spin-3/2 field variable ()3.44|) . 
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A more interesting and highly novel multi-graviton and multi-gravitino gauge theory is 
obtained when A?^^JJ,jj3^j consists of formal rules of anticommutative, anti-associative multi- 
plication while A°^gj.^j^[ consists of standard commutative, associative multiplication rules. 
This makes the spin-2 fields h^^^,^ each formally anticommuting and the spin-3/2 fields 
V'aB^ each formally commuting, as summarized by the rules (|3.37p together with 

= ^2^1, M^2^^) = {^1^2)^3, (3.66) 

= {^iQi)q2, (^9i??2)f?i = M^2gi) = {'&igi)'&2, (3.67) 

where -i^'s stand for ^/'a^^ or odd-graded products of i^aB^'^ ^^'^ ^aBB''^'^^ while g's stand 
for h^^^ or even-graded products of ipaB^^^ ^aBB''^'^- These formal multiplication rules 
()3.37|1 . ()3.66|1 and ()3.67|1 reverse the usual spin-statistics relation at the classical level, and 
therefore we will refer to them as reverse-Grassmann graded-associative multiplication rules. 
At the same time, the field-coupling algebra A^^^p^^g is given by an arbitrary n + n' dimen- 
sional anticommutative, graded-associative algebra, whose n dimensional even part ^^cou^imz 
is anti-associative. The structure constants a^^^, h^QY-> ^^Va ^coupling characterized by 
the relations ()3.38p . ()3.62|) and ()3.63|) . It is straightforward to show that the antisymmetry 
relations ()3.38|) and ()3.62|1 imply 

<^'.jKvb\n = 0. (3.68) 

For these relations to be satisfied, there is, in general, a tradeoff between the degree of 
nontriviality of b^^Q^ compared with c^pq, and a^^f^- We consider two simple examples. First, 
b\ 2 ^ 0) 3 ^ 0' b\ 3 ^ 0, 6\ 4 ^ 0, b\ ^ ^ 0, 6\ 4 ^ 0, and c\ 3 = -c^^ ^ = c^s 1 ^ 0' 
c^j^ 5 = — 4 = 1 7^ 0) c^2 6 ~ ""^^3 5 = 3 7^ 0' (^^^ othcrs zcro, taking into account 
antisymmetry) with n' = 8,n = 6, which produces a fourteen-dimensional anticommutative, 
associative algebra where the entire even subalgebra is most nilpotent. (This example arises 
by forming all possible anticommutative products of four odd generators: Oi, 02, 03, 04, O12 = 

Ol02,Oi3 = 0103,023 = 0203,014 = Oi04,024 = 0204,034 = 0304,0123 = O1O23 = -O2O13 = 
03012,0124 = O1O24 = -O2O14 = 04012,0134 = O1O34 = -O3O14 = 04013,0234 = O2O34 = -O3O24 = 

04O23 such that 012O34 = 013O24 = 023O14 = 0, and all other products equal to zero.) Second, 
a^^ 2 7^ 0, and i 7^ 0; c^4 i 7^ 0; b^2 4 7^ 0; ^^i 4 = ^^2 3 7^ 0' (^^^ others zero, taking into 
account (anti) symmetry) with n = 3,n' = 4, producing a seven- dimensional associative, 
anticommutative algebra. (This example arises by forming all possible anticommutative 
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even-graded products of a single even generator and four odd generators: ^,01,02,03,04 
such that U02 = oi,uo3 = 04,014 = 0104,023 = 0203,024 = 02O4 and hence MO24 = 014 = 
—^042 = O23, with all other products equal to zero.) It is easy to extend these two examples 
to obtain an anticommutative, graded-associative algebra by enlarging the even subalgebra 
to make it anti-associative (namely, via appending additional even generators). 

Compared with the supersymmetric extensions of the Cutler- Wald multi-graviton theo- 
ries, note that the new multi-graviton and multi-gravitino theories presented here do not 
have a formulation in terms of A^^^p^j^g-valued fields fj3.65|) . since no anticommutative algebra 
can admit a unit element. 

Finally, a scalar Lagrangian for these multi-graviton and multi-gravitino gauge theories 
(I3.44|) to (j3.6(Jj) is readily obtained by the same kind of procedure as summarized in Propo- 
sitions 3 to 5 for the multi-graviton gauge theories ()3.26|) to ()3.34p . 

Proposition 6. (i) ^^or A^^^^^^^^ given by a commutative, associative graded algebra with 
a unit element, a scalar Lagrangian for the nonlinear theories ( |J.y/^| ) to \3. 6U\} using formal 
Grassmann multiplication rules for h^^^,^ and "ip^^^ is obtained by 

-^spin2,3/2 = ^ At-^spm2,3/2 (3.69) 

where q* ^ projects onto a most nilpotent element (or, if none, a unit element) in A^^^^pjj^g. 

(a) For A^Q^pjjjjg given by an anticommutative, graded-associative algebra, a scalar La- 
grangian for the nonlinear theories to d J. 34\ l using formal reverse-Grassmann graded- 
associative multiplication rules for h^^^,^ and ip^^^ is constructed in terms of components 
Ifiu ~ i'at — ^'[AT] of an invariant nondegenerate inner product on A^^^p^^g by 

-^spm2,3/2 = ^tj,u^spm2 + ^''af -^spin3/2 (3.70) 

where L'^l^^ and L^^^^^^ are the coefficients defined from L^^.^^^^^^ = a\^L^^^^^ + 
^"Ar^t^n3/2+ ^^'^ear /i^^^," terms. 

(Hi) For A^^^^i^^^ given by a graded- commutative, associative algebra, a scalar Lagrangian 
for the nonlinear theories iS. 26) to \3. 34\ ) using ordinary multiplication rules for h^^^,^ and 
ipaB^ «s obtained from either liS. 6f^) if A^^^^y^^^ possesses a unit element, or \3. 70^ ^/ -^coupling 
is completely nilpotent. 

In case (i), the most nilpotent ideal in A^™pijj^g is required to be one-dimensional, which 
holds if A^Q^pjjj^g is any even- Grassmann graded algebra such that the number of generators 
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is an even integer. In case (ii) , we note that the invariance property of the inner product is 
characterized by the relation ()3.43|) together with 

Qut^b'^Ar = (^AnC^Tu- (3-71) 

Further details will not be pursued for this case other than to remark that, as in the situation 
for anticommutative, anti-associative algebras A^^^^pjj^g discussed in Sec. 1111 Bl invariance and 
nondegeneracy of an inner product necessarily forces some restrictions on the most nilpotent 
ideals associated with even and odd multiplication in A^^^p^^g. Case (iii) obviously requires 
the same conditions on A^^^^pjj^g as noted in cases (i) and (ii). 



IV. CONCLUDING REMARKS 



This paper has obtained a complete classification of the possibilities allowed for non- 
higher-derivative classical gauge theories of a nonlinearly coupled set of any number of spin-2 
fields and spin-3/2 fields with general formal internal multiplication rules. The classifica- 
tion includes, as a special case, all allowed possibilities for a nonlinearly coupled set of any 
number of spin-2 fields alone. This classification in the spin-2 case has found a novel type of 
nonlinear gauge theory for two or more spin-2 fields, with coupling constants given by anti- 
commutative, anti-associative algebras, and using formal multiplication rules that make the 
spin-2 fields anticommuting (while products obey anti-associativity). Moreover, apart from 
the previously known type of nonlinear gauge theories found by Cutler and Wald for one or 
more ordinary commuting spin-2 fields whose coupling constants arise from commutative, 
associative algebras, the classification shows that there are no other possibilities. Supersym- 
metric extensions of these nonlinear theories have been obtained and further proved to be 
the only allowed possibilities in the more general case when spin-3/2 fields are included. 

The framework used for obtaining these main results consists of a deformation analysis 
of the linear gauge theory for a set of uncoupled spin-2 and spin-3/2 fields with a common 
internal vector space structure for each field as necessary for accommodating formal mul- 
tiplication rules. Determining equations for deformation terms have been formulated and 
solved by the methods of Ref. generalized to the case of more than one spin-2 field 

and more than one spin-3/2 field. It is important to emphasize that no assumptions or 
special conditions were imposed here on the form considered for possible deformation terms 
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except for requiring these terms to involve no higher derivatives than those appearing in the 
hnear field equations and abelian gauge symmetries. 

The results and framework here give a culmination of much previous work in the literature 
on non-higher- derivative deformations for gauge theories of spin-2 fields 

Q Q, m 

including couplings to spin- 3/2 fields Q, 0, Q, 

in four spacetime 

dimensions. In particular, uniqueness results for such deformations are strengthened in 
this paper through the use of a nonsymmetric tensor analogous to a tetrad for the spin-2 
field variable, which has given a strong no-go theorem on possibilities for deforming the local 
Lorentz symmetry on the spin-2 field variable (and spin-3/2 field variable), and for producing 
couplings that involve the skew part of the spin-2 field variable. At the same time, this 
paper considerably generalizes all previous frameworks by encompassing the most general 
possibilities for formal rules other than commutative, associative multiplication of spin-2 
fields, and its extension to Grassmann multiplication of spin-3/2 fields, which has uncovered 
the novel existence of consistent nonlinear couplings for more than one anticommuting spin-2 
field and supersymmetric extensions with more than one commuting spin-3/2 field. 

Some further lines of work are suggested by the main results discussed above. Do the new 
multi-graviton and multi-gravitino gauge theories found here have a well-posed initial value 
formulation as classical field theories? This could be expected to hold by comparison with the 
initial value formulation of N= 1 supergravity as a single graviton and gravitino classical field 
theory. Is there a consistent quantization for the new gauge theories with the multi-graviton 
and multi-gravitino quantum fields obeying reversed spin-statistics commutation relations 
that mirror the formal multiplication rules found here at the classical level? This could be 
investigated first for a model nonlinear theory of, for example, coupled anticommuting scalar 
fields and commuting neutrino or Dirac fields as obtained in a manner analogous to way in 
which the new multi graviton and gravitino gauge theories are derived from the formulation 
of N= 1 supergravity for an algebra- valued spin-2 field and spin-3/2 field. 



APPENDIX: GRADED ALGEBRAS 



In this appendix, some definitions and structure of graded algebras are summarized. 
Throughout let A be an algebra possessing a grading that determines a decomposition into 
even and odd subspaces A = A'^™" ® A"'^'^ such that products of two even elements are 
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even, products of two odd elements are even, and products of one even element and one odd 
element are odd. 

A unit element 1, if one exists, is an element in A^"^^" such that Ix = xl = x for all 
elements a; in A. A non-unit element element a; in A is nilpotent if the p-fold product of 
itself, denoted x^, vanishes for some integer p > 1. A most nilpotent element A is a nilpotent 
element y whose product with all other nilpotent elements x vanishes, xy — 0. A is called 
completely nilpotent if every element in A is nilpotent. 

A is an associative algebra if all multiplication obeys associativity, namely, x{yz) — 
{xy)z for all elements x,y,z in A. An associative algebra A is (anti) commutative if all 
multiplication is (anti) commutative, namely, xy = {—)yx for all elements x,y in A. An 
associative algebra A is graded-commutativc if odd multiplication is anticommutative, even 
multiplication is commutative, and even-odd multiplication is commutative, namely, xy — yx 
for all elements x,y in A^"^^"^, xy — —yx for all elements x,y in A"'^^, and xy — yx for all 
elements x in A^"^^"^ and y in A°'*'^. 

A nilpotent Grassmann algebra Gniipotent is an associative, graded-commutative algebra 
A formed by the span of all possible products of some number of odd generators, namely, 
oi, 02, • • •, Oi2 = O1O2, Oi3 = O1O3, 023 = O2O3, . . ., 0123 = O1O2O3, . . ., etc. A Grassmann algebra 
Gunit is the enlargement of a nilpotent Grassmann algebra obtained by appending a unit 
element 1. A (nilpotent) even- Grassmann algebra is an associative, commutative algebra 
isomorphic to the even subalgebra Geven of a (nilpotent) Grassmann algebra. Equivalently, 
a (non-nilpotent) even- Grassmann algebra is formed by the span of (a unit element together 
with) all possible products of some number of even generators whose square is zero, namely, 
Ui, U2, %, . . ., U12 = U1U2, Ui3 = U1U3, U23 = U2U3, . . ., M123 = U1U2U3, etc. 

A is an anticommutative, graded-associative algebra if products of two elements are 
anticommutative, and products of three or more even elements are anti-associative, while all 
other products are associative, namely, xy — —yx, x{yz) — —{xy)z for all elements x,y,z 
in A^"^^", and x{yz) — {xy)z for all elements where at least one of x, y, z is in A°'^'^. 

A reverse-Grassmann graded-associative algebra is defined here to be an algebra A such 
that even multiplication is anticommutative and anti-associative, odd multiplication and 
even-odd multiplication are each commutative and associative. 

The set of most nilpotent elements in an algebra A forms an ideal, while the set of 
nilpotent elements also forms an ideal if multiplication is either (anti) associative or graded- 
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associative, and if multiplication is either (anti) commutative or graded-commutative. 



[1] S.N. Gupta, Phys. Rev. 96 (1954) 1683. 

[2] R. H. Kraichnan, Phys. Rev. 98 (1955) 1118. 

[3] R.P. Feyman, "Lectures on gravitation", Caltech 1962-1963; R.P. Feyman et al, Feyman 
lectures on gravitation (Adison- Wesley) 1995. 

[4] S. Weinberg, Gravitation and Cosmology (Wiley) 1972. 

[5] S. Deser, Gen. Rel. and Grav. 1 (1970) 9. 

[6] V.I. Ogievestky and I.V. Polubarinov, Ann. Phys. (N.Y.) 35 (1965) 167. 

[7] D.G. Boulware, and S. Deser, Ann. Phys. (N.Y.) 89 (1975) 194 

[8] J. Fang and C. Frondsdal, J. Math. Phys. 20 (1979) 2264. 

[9] R.M. Wald, Phys. Rev. D 33 (1986) 3613. 

[10] K. Heidrich and W. Unruh, Phys. Rev. D 38 (1987) 490; K.R. Heidrich and W.G. Unruh, 

Phys. Rev. D 42 (1990) 2057. 

[11] C. Aragone and S. Deser, Nuovo Cim. B57 (1980) 33. 

[12] D.Z. Freedman, P. Van Nieuwenhuizen, and S. Ferrara, Phys. Rev. D 13 (1976) 3214 

[13] S. Deser and B. Zumino, Phys. Lett. B 62 (1976) 335 

[14] P. Van Nieuwenhuizen, Phys. Rep. 68 (1980) 189 

[15] C. Cutler and R.M. Wald, Class. Quantum Grav. 4 (1987) 1267 

[16] R.M. Wald, Class. Quantum Grav. 4 (1987) 1279. 

[17] J. Isenberg, D. Bao, and P. Yasskin, in Mathematical aspects of superspace, eds. H.-J. Seifert, 

C.J.S. Clarke, and A. Roscnblum (Dorccht, Holand: D. Reidel) 1983. 

[18] S.C. Anco, Ann. Phys. (N.Y.) 270 (1998) 52. 

[19] S.C. Anco, Contemp. Math. 132 (1992) 27. 

[20] M. Henneaux, Contemp. Math. 219 (1998) 93. 

[21] S.C. Anco, Phys. Rev. D 50 (1994) 2648. 

[22] S.C. Anco and R.M. Wald, Phys. Rev. D 39 (1989) 2297. 

[23] D. Bao, Y. Choquet-Bruhat, J. Isenberg, P.B. Yasskin, J. Math. Phys. 26 (1985) 329. 

[24] CM. Hull, Comm. Math. Phys. 90 (1983) 545. 

[25] B. de Wit and D.Z. Freedman, in Super symmetry, eds. K. Dietx et al (Plenum Press) 1985. 

32 



[26] N. Boulanger, T. Damour, L. Gualtieri, M. Henneaux, Nucl.Phys. B597 (2001) 127. 

[27] S.C. Anco, Ph.D. Thesis (University of Chicago) 1991. 

[28] G. Barnich, F. Brandt, M. Henneaux, Phys. Rep. 338 (2000) 439. 

[29] R.F. Streater and A.S. Wightman, PCT, Spin and Statistics and all that (W.A. Bejamin) 
1964. 

[30] T. Jacobson, Class. Quant. Grav. 5 (1988) 923. 

[31] D. Haag, J. Lopuszanski, and M. Sohnius, Nuc. Phys. B 88 (1975) 257. 

[32] M.T. Grisaru, H.N. Pendleton, P. van Nieuwenhuizen, Phys. Rev. D 15 (1977) 996. 

[33] S. Deser, J.H. Kay, and D.G. Boulware, Physica A 96 (1979) 141. 



33 



